Abstract. Let K be a cyclic cubic field and O K be its ring of integers. In this note we prove that all cyclic cubic number fields with conductors in the interval [73, 11971] and with class number one are Euclidean.
Introduction
We first recall that if K is an algebraic number field and O K its ring of integers, then O K is called Euclidean with respect to a given function φ : O K → N ∪ {0} provided φ satisfies the following properties (1) φ(α) = 0 if and only if α = 0, and (2) for all α, β = 0 ∈ O K there exists a γ ∈ O K such that φ(α − βγ) < φ(β).
Moreover, it is called norm-Euclidean if it is
Euclidean with respect to the absolute value norm. Now, let K be a cyclic cubic field with discriminant f 2 , where f is the conductor of K. In 1969, J. R. Smith [8] proved that the cyclic cubic fields with conductors 7, 9, ..., 67 are norm-Euclidean. Further, in the same paper he showed that the fields with conductors 73, 79, 97, 139, 151 and 163 < f < 10 4 are not norm-Euclidean. The object of this note is to show that all cyclic cubic fields with conductors f ∈ [73, 11971] are in fact Euclidean provided they have class number one.
It is well known that if the conductor f of the cyclic cubic field K has t distinct prime factors, then the class number of K is divisible by 3 t−1 (see appendix of Heilbronn's paper [4] for a proof). Thus a cyclic cubic field with class number one must have prime conductor f . Moreover, a necessary condition for a cyclic cubic field to have class number one is that its conductor is either 9 or a prime in the residue class 1 (mod 6) ( see [4] , [2] ). Accordingly, from now onwards, we shall be dealing with only those cyclic cubic fields K with prime conductor f satisfying f ≡ 1 (mod 6). Our main aim in this note is to prove the following Theorem 1.1. Let K be a cyclic cubic field with conductor f, satisfying 73 ≤ f ≤ 11971 and let O K be its ring of integers. Then O K is Euclidean if and only if it has class number one.
Proof. It is easy to show that if a number ring O K is Euclidean, then it has class number one. To prove the converse, we use a result of Harper and Ram Murty (Theorem 1.2 below) which gives a useful criteria to establish the Euclidean algorithm for certain number fields. In order to state their theorem, we need to define the concept of a set of admissible primes (see [1] for details) in a number ring, which we do below.
Assume that O K has class number one. Let π 1 , . . . , π s ∈ O K be distinct non-associate primes. A set of primes {π 1 , . . . , π s } is called an admissible set of primes if, for all β = π a 1 1 . . . π as s with a i non-negative integers, every co-prime residue class (mod β) can be represented by a unit ε ∈ O × K . In other words, the set
× is surjective. In fact, in [1] , the authors showed that it is enough to take a 1 = a 2 = · · · = a s = 2 in the above definition, (i.e,. the set
× is a surjective).
The precise statement of Harper and Ram Murty mentioned above is as follows:
Harper [3] ) Let K/Q be abelian of degree n with O K having class number one, that contains a set of admissible primes with s elements. Let r be the rank of the unit group. If r + s ≥ 3, then O K is Euclidean.
The well known Dirichlet's unit theorem states that the rank r of the group of units in O K is given by r = r 1 + r 2 − 1, where r 1 is the number of real embeddings and r 2 is the number of conjugate pairs of complex embeddings of K. In our case, K is cyclic cubic field which means the Galois group over Q is cyclic of order three. This can only happen if K is totally real. Thus, r = 3 − 1 = 2. All we need to do now is to exhibit an admissible set of primes with one element (i.e. s = 1). For this we recall the following lemma from [7] . Before stating the lemma, we recall the notion of non-Wieferich primes in a number field.
A prime p in O K is called Wieferich prime with respect to the base
where N(.) is the absolute value norm. If the above congruence does not hold for a prime p in O K , then it is called non-Wieferich prime to the base ε.
K be a unit and q be an unramified prime ideal with odd prime norm q. If ρ is a primitive root modulo q, and q is a non-Wieferich prime to the base ρ, i.e., ρ
Thus, we need to find an unramified prime π with odd prime norm such that the group (O K /π) × has a primitive root ε ∈ O × K and π is a non-Wieferich prime with respect to ε. As the field K is Galois of degree 3 over Q, this means that an unramified rational prime p either splits completely or remains as a prime in O K . It is well-known that a rational prime p ( = f ) splits completely in K if and only if p is a cube modulo f . By Euler's criterion, it follows that p is a cube modulo f if and only if p
In what follows, we shall exhibit a set of admissible primes with one element for the cyclic cubic field K with conductor f = 73. By Theorem 1.2 and Lemma 1.3 it will then follow that this field is Euclidean as it has class number one. For all other fields in the range 73 < f ≤ 11971 with class number one, we shall give an algorithm which produces an admissible set of primes with one element. The database [5] gives all such fields. In the end, we shall list in a table the defining polynomial of all the class number one cyclic cubic fields with conductors in the above range and the corresponding set of admissible primes. This will complete the proof of our main theorem.
Thus, we start with the cyclic cubic field K with conductor 73. It is known that K has class number one. The fundamental units ε 1 , ε 2 for K are
where a is a root of the defining polynomial x 3 − x 2 − 24x + 27 for K. This is obtained by using Sage programme.
Let us take the rational prime p = 3. It is unramified in K since p ∤ 73. Also, as 3 a − 11 . A simple calculation gives
As (O K /π) × has order 2, it follows from (1.4) that ε 1 is a primitive root modulo π. The equation (1.5) says that π is a non-Wieferich prime with respect to ε. Thus, by Lemma 1.3 the set {π} is admissible. Thus K is Euclidean.
In section 2, we present an algorithm to determine a set of admissible primes with one element, section 3 will contain table of admissible primes. We remark that, to save space, we only list a few fields which are Euclidean, the complete list (fields with conductors upto 11971) is posted at https://www.imsc.res.in/~srini/Euclidean-Cyclic-Cubic-Fields.txt 2. Algorithm to find an admissible prime
1.
data ← list of [defining polynomials, conductor] 2.
flat ← false 3.
foo ← false 4.
print ("Conductor-Defining Polynomial-Admissible prime") 5.
for u in data: 6.
prime 
Concluding remarks
As and when new fields with class number one are added to the database [5] , it is possible to check with the algorithm given in this paper to determine whether it is Euclidean or not. The Sage code for the algorithm written in this paper is posted at:
https://www.imsc.res.in/~srini/Sage-Code-Cyclic-Cubic-Fields.txt
